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SPANWISE LIFT DISTRIBUTIONS, INFLUENCE FUNCTIONS, AND INFLUENCE
COEFFICIENTS FOR UNSWEPT WINGS IN SUBSONIC FLOW 1

BY I?EANHUN W. DIRIHUUCH AND MARTIN ZLOTNIOK

SUMMARY

Spanwiae lijl dtitribuiti iiuve been dkuhted for nineteen
un8wept wings with WLriouaaqwzt Tati5sand tuper m#w8 and
wiih a variety of a~li-oj-alluck or tunktdi&ribuiti, including
ji!ap and aileron dqlectti, by meam of the Weissingm method
with l%@t control poim on the 8emi8pa?L. Also Cak@u%d
were aerodynamic in$?uence wej%n&u% which pertuin to a
certain dejinti 8et oj 8Wi.07w &g the span, and 8ever~

methoo%are presented for caihdatiq aerodynamic injluenee
junctions and w@4ients for statti otherthun th48estipdutsd.

The injornuu%n presented hme-incambe waedin the anulymk
oj untunktedwing8 or wing8 d known tunktdt%ribuiion.s,as
weil w in aeroeh3tic c4deu?di0n8involvi7q7inMa.Uyunkn5wn
iuM distributti.

INTRODUCTION

In the design and development of an airplane, a Imow-ledge
of the spanwiae lift distribution on we wing is ~portmt in
predicting the structural loads and the stability o@racter-
isticB, For high-speed airplanes having flexible wings, the
calculation of the spanwise lift distribution is an aeroelaatic
rather than a purely aerodynamic problem. In aeroelastic
calculations means are required for calculating the apan-
wise lift distribution for angle+ f-attaok (or twist) distribu-
tions which are initialIy unlmown. Aerodymunic influence
functions or coefficients constitute the most convenient of
these means.

As used in this report, the term “mrodynamic .infhmme
function” refers to a function which, when multiplied by the
spmuvise angle+f-attack or twist distiution and integrated
over tho span, yields the lift (per unit span) at some station
on the wing. This function may be considered to be lift
distributions on the given wing corresponding to angle-of-
attrick distributions given by delta (impulse) functions. In
a mathematical sense this function is the Green’s function for
whatever equation is used to relate lift distributions to angle-
of-nttack distributions.

Similarly, “nerod~amic influence coefhciente” are defined
as numbers which, when multiplied by the vaIueE of the
rmgle+f-attack at several discrete stations on the wing and
summed, yield the lift (per unit span) at a station on the wing.
The values of the influence function at the given stations

1f4up01’@MNACA TN M14,‘(CnkmMedSmrwfra Lift DfeMbntIonaandAmdY-
munloImIuema Cw13Mmti for Unmopt TVfw h Snbmfo Flow” by Frmklfn w.
Dleduldr nndMnrtbIZbtnkk ,1953.

thus constitute an approximation to a set of influenco co-
e.flicients; they are not true aerodynamic influence coeffi-
cients in the senseused herein, because, in general, an integral
oan be represented only approximately by a iinite summation.
However, if proper ~eighting factors are used, a very good
approximation to the integral can usually be obtained by a
summation.involving relatively few terms. Thereforej aero-
dynamic influence coeilicients maybe considered to be (and
calculated as) weighted swlues of the corresponding influence
functions at the given stations.

Lift influence functions and coefEci@s may thus be ob-
tained from certain lift distributions. OQe of the most
satisfactory techniques deveIoped. in recent years for calcu-
lating the spanwise lift distribution on a wing in subsonic
flow has been the Weissinger L-method (ref. 1), whioh can
be applied to a huge variety of plan forms and yields solutions
of sufficient accuracy for all practical purposes without re-
quiring an unduly long time for the calculations. T!MS
method may be considered as a simplified lifting-surface
theory because the calculation of the. lift on the wing is
treated ~ a boundary-v.ahe problem, the boundary condition
being that the dowmvash angle induc@ by the bound and
trailing vortices is equaI to the geometric angle of attack
at the threequarter-ohord line.

In the present report, symmetrical and antisymmetrioal
lift distributions and some associated aerodynamic param-
eters have been calculated by means of the Weissingw’
method with eight control points on the semis-panfor several
continuous and discontinuous angle-of-attack conditions on
nineteen unswept wings having vtious aspect ratios md
taper ratios. 2 A convenient matrix formulation of the Weis-
singer method was used in conjunction with the Bell Tele-
phone Laboratories X-66744 relay computer at the Langley
Laboratory to make the calculations. This forrmdation,
which is demribed in appendix A, is based on a rederivation
of the Weisaingermethod using matrix techniques rather than
the “mechtical-quadrature” forndaa used by Wekinger.
If the same stations on the span are used, as was done in the
calculations described in this report, the resulting methods
are identical; however, with the matrix method the stations
can be located on the span in an arbitrary manner, whereas
in the conventional Weissinger method they must be located
in a certain prescribed manner.

1Rmdta ofsirnflarcak?datfonsfor 61swept wins are Presentd in NAOA Teohnkal
Nob 3476entltlcd “Coladated SWIIWlraLift DlstrfbntIomand AerodmemdoInfhenm
C@ffldmta for Swept Wxrgah St&.onioFk#’ by FranklinJV. Dhderfcb and Martin
Zlotnfok,195.5.
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Aerodynamic iniluence coefficients have been calculated
for these nineteen wings for the prescribed set of stations
along tie span and are presented herein, and several methods
for calculating aerodpamic influence functions and coefE-
cienta for any arbitrary set of stations tim the numerical
results of this report are also presented. The influence
coefhciente calculated in this manner can be used in aero-
elastic analyses similar to that of reference 2.
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SYMEOLS

mpect ratio
wing span
aileron span
flap span
root bending-moment coefficient for unit angle

of attack, 4XBending moment
(j3b

induced-drag cneflkient at a unit angle of
attack

lift coefficient at a unit angle of attack
lif&curve slope par radian for additionaktype

loading
lift coefficient for half of antisymmetric.ally

loaded wing at a unit tip angle of attack,
LA

~:

rolling-moment ccdicient, Rolling moment
qm

cmiiicied of damping in roll
rolling-moment coefficient for unit aileron de-

flection
wing chord
average chord, S/b
section lift coefficient
integrating matrix for C& (see appendix A)
integrating matrix for CL (see appendix A)
inmting matrix for C%,i (see appendix A)

integrating mahix for Cl (see appendix A)
lift on one sernispsm
he-stream Mach number
aerodymmic-i.niluence-ccef%icientmatrix
dynamic pressure
wing area
free-stream velocity
lateral ordinatea
spanwise location of discontinuity
spanwise center-of-pressure location
angle of attack, radians
effective angle of attack for unit flap deflec-

vortex strength

dimensionless vortex strength, ~V=c*cl

6
8= COS-1y*
eoac(lp yo*
ty=ccs-1 7JI*

A

1

Subscripts :
a
ail
c

;

R
8

superscript :
*

flap or aileron deflection angle, radians

sweepback angle, deg
taper ratio

antisymmetrical
aileron
continuous
discontinuous
flap
left
right
symmetrical
tip

dimensionlesswith rcimect to semimmnb/2
Matrix notation:
11 row-matrix
[ / column matrix

general matrix (not a row or a column matrix,
but need not be square)

11 diagonal matrix
111 unit (identity) matrix

In matrix notation, a prime indicates the transpose of the
matrix.

PRESENTATION OF CALCULATED RESULTS

SPANWISE LIFT DISTRIBUTIONS

Geometric characteristic of the nineteen plan forms
heated in this report are indicated in table I. Lift distribu-
tions due to the following continuous symmetrio and anti-
symmetric angle-of-attack distributions have been calculated
for each of these pkm forms:
Symmetric angle-of-attack distributions:

constant (a= 1)
Linear (a= Iy”l)
Quadratic (a=yti)
Cubic (a= Iy=j)

‘tigh&be(--3”*l

Antisymmetric angle-of-attack distributions:
Linear (a’=y”)
Quadratic (a=y* for y*aO; a= –yti for y“ SO)
Cubic (a=y*)
Quartic (a=yti for y*>O; a= –yM for y* SO)
Quintic (a=y”)

The straigh&line angle-of-attack condition was included
to represent actual structural twists where the surface of tlm
wing is generated by straight lines so that the product C*LY,
the deflection of the leading edge, variea linearly with V*;
that is,

c*a=ct~*at
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or, for unit twist at the tip,

*
+ Y*

J?oruntapered wings, the straight-line lift distribution is the
same as the linear lift distribution, and for wings of zero
taper ratio, it is undefined.

Lift distributions for flap-type and aileron-type angle-of-
nttrwk distributions are also presented. A correction which
has been made for the spauwiee discontinuity in the angle
of attack is derived in appendix B. The valuea of 13J/6and
~=il/b (ratios of the flap span to the total span and the
aileron span ta the total span, respectively) for -which the
lift distributions have been calculated me 0.1, 0.2, 0.3, 0.4,
0.6, 0.6, 0.7, 0.8, 0.9, and 1.0. As is usual, the flaps have
been taken tc be inboard and the ailerons outboard. The
lift distribution for any flap or aileron wmfignration maybe
obtained, however, by linear superposition; thus, the lift
distribution for an outboard flap exhmding, for example,
born @=O.5 to v*= 1.0 can be obtained by subtracting the

lift distribution for the inboard flap
()

~=0.5 horn the

()
6+ .() .additional lift distribution ~— A similar procedure

can be used for inboard ailerons.
The lift distributions pertaining to each plan form are

given in one figure, parts (a) and (b) showing the lift dis-
tribution due to symmetric and ant@mmetric continuous
angle-of-attack distributions, respectively, and pints (c) and
(d) showing the lift distribution due to flaps and ailerons,
respectively. Lift distributions for plan forms with an
aspect ratio approaching zero have been taken from reference
3 and are included herein in figure 1 for the sake of complete-
ness, (h indicated in ref. 3, the lift distribution for a wing
of very low aspect ratio is independent of the plan form,
provided the trailing edge is not m-entrant.) The lift
distributions on the nineteen wings considered in the present
report me presented in figures 2 to 20. Table I serves as a
table of contents for this group of figures.

AEEODTNAMIC PARAMBTERE

The aerodynamic pmametem U~=,CB~, Z*, CDi, Cl., and
CL,~ for the nineteen plan forms considered are compiled in
tabfe II. The values of CLand CB~for a unit effective flap
deflection are presented in table Ill, ~d the values of
C%,aand C,J for a unit effective aileron deflection are pre-
sented in table IV. These lift and moment coeflicienta per-
tain directly to full-chord flaps and ailerons set at an angle
of attack of 1 radian. For partial-chord flaps and ailerons
deflected by an angle of 8 radians, these coe.13icientemust be
multiplied by the quantity a.w$.
AERODYNAMIC lNFLUZNCECOEFFICIENTSFOR Stipulated STATIONS

Aerodynamic influence coefficients for symmetric and
tmtisymmetric lift distributions were obtained as shown in
appendix A and are presented as the matricca [Q,] and [QJ
in tables V(a) and V(b), respectively. Each influence-
coefficient matrix in the table applies to a given plan form.

These influence-coeilicient matrices are used tQ calculate the
spanwise lift distribution for any continuous angle-of-attack
condition nom the following matrix expressions:

and
{r*,} =c~=[@]{ a,]

{r*=} =C&?=]{~} 1
(1)

for the symmetrical and antisymmetrical distributions,
respectively, where a is the angle of attack at stations
y*= O.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 0.1951,
and O and I’* is the desired lift at these stations. In this
report the convention is that the angle of attack for the
station nearest the wing tip (y*= O.9808) is the first element
of the angle-of-attack mahix {a} and the lift at the same
station is the first element of the lift-distribution matrix
{I’*}. The matices [Q,] and [Q~ of table V are arranged
accordingly.

AERODYNAMIC INFLUENCE FUNCTIONS AND COEFFICIENTS
FOR ARBITRARY STATIONS

The influence coefficiauts demribed in the preceding section
are satisfactory for many purposes; for instance, the stipu-
lated stations at which the lift is given are convenient for
plotting spamvise lift distributions because the points are
concentrated near the wing tip where the curvature of the
lift distributions is greatest. In some cases, however, other
considerations may determine the points on the span at
which the lift is to be calculated. For instance, when the
influence coefEcients are to be used in an aeroelastic analysis,
the location of the stations maybe dictated by the structural
characteristics of the wing; also, if lift distributions are to
be calculated for the sake of comparison with experimental
results, this compmison can be facilitated by calculating the
lift at the same stations at which it is measured and thus
avoiding the necemity of graphical or numerical interpolation.

As pointed out in the Introduction, the method described
in appendix A can be used to calculate influence coefficients
for arbitrary stations. However, this procedure requires
re-calculation of these coefficients from scratch. h the fol-
lowing sections several other methods are described for
obtaining aerodpamic influence functions and coefficients
for arbitrary stations horn the information presented in this
report.

INFLUENCECOEFFICIIX4TSOBTAINED BYUSINCiINTERPOLATING
MATRICES

One way of constructing an influence-coefficient matrix for
any stations horn the matricea presented herein is to calculate
interpolating matricea which give the anglw of attack at
y* = 0.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 0.1951,
and Oin terms of the angles of attack at the given stations
and the values of the lift at the given stations in terms of
those at the stations Y* = 0.9808, 0.9239, 0.8315, 0.7071,
0.5556, 0.3827, 0.1951, and O. The desired influence-
coefficient matrix would then be obtained by postnndtiplying
the one given herein by the angle-f-attack interpolating
matrix and premultiplying it by the lift interpolating matrix.
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In order to illustrate the nature of these calculations, a pair of matrices are oalcnlated for stations at every tenth of the
semispan by linear interpolation. (The stations at whioh the angle of attack is given and those at which the lift is to be
found need not be the same, but here, as in most crises,they are chosen to be the same as a matter of convenience.)

With linear interpolation,
%m=0.808ala+0.192 ~.D

~m=0.239crla+0.761 a.g

ao.sm=0.315ao.e+ O.686UiM

Q= Q

which can be written in matrix form as

ao.cm

ao.m

%s315

@3.7071

Qh&Ea

ao.3Ef7

0.808 0.192 0 0 0 0

0.239 0.761 0 0 0 0

0 0.315 0.685 0 0 0

0 0 0.071 0.929 0 0

0 0 0 0 0.556 0.444

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

. .

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0.827 0.173 0 0 0

0 0 0.951 0.049 0

0 0 0 0 1.000

al~

%.9

aoa

%.7
%).6
%.6
%!.4
*A

where the rectangukw matrix on the right side of the equation is the desired angle-of-attaok interpolating matrix.

r*OW and r*O.wgwould

Similarly, for the lift distribution,
r*lJ=o

(This information is known from physical considerations; to calculate r*,.0 by extrapolation from
give a spurious value.)

F0.0=F0.SS16* ro.um —Po.alJ=O. 741I’%.-+O. 259Po.wb

0.0929
Fo.s=Po.ml+o. ~.244Wo.sm—1’%.a=o. 747?Yo.m5+o. 253P0.*

. . . . .

FO=PO
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or, in matrix form,
P

r*l.0

r*o.g
r*04

r*o.7

r+o.e

+ r*oJ

r*o.4

lvo~

r*03

r*o.l

r *O

00 0 0 0 0 0 0
0 0.741 0.259 0 0 0 0 0

00 0.747 0.253 0 0 0 0

00 0 0.953 0.047 0. 0 0

00 0 0.293 0.707 0 0 0

00 0 0 0.679 0.321 0 0

00 0 0 0.100 0.900 0 0
00 ().. o 0 0.559 0.441 0

00 0 0 0 0.026 0.974 0

00 0 0 0 0 0.513 0.487

00 0 0 0 0 0 1.000

r*Om

r*0.m9

r*om16

r*O.m

r*om

r*om

where the rectangular matrix on the right side of the equation is the desired lift interpolating matrix.

Although linear interpolation is by fsr the simplest type,
the results obtained with it are not so accurate as a higher-
order interpolation procedure. Parabolic interpolation
should be satisfactory for the angle+f-attack matrix and
for most of the lift-distribution mati, except near the wing
tip. Tho numerical factors required for parabolic interpola-
tion can be calculated by means of Lagrange’s interpolation
formula for an mth degree polynomial

m+l
n’ (Y’+-rf)

j(?/%)=m#m%) ::,
II’ (?l%+f)
{=1

where f(y*) represents either the lift or the angle-of-attack
distribution, ~*, is the station at which j(y”) is to be deter-
mined by interpolation, and W*l,v*2, . . . are the stations
at which j(y*) is presumed to be known. The prime mark
on the product signs is the conventional designation of the
fact that the term for i=k is to be omitted. For parabolic
interpolation (m= 2) this formula reduces to

Nem the wing tip the lift distribution cannot be approxi-
mated accurately by an ordinary parabola but can be repre-
sented instead by a linear superposition of the two functions
(1–y*)’12 and (l–y*)’n as suggested by V. M. Falkner.
With this approximation the desired interpolating factors for
Y* between 0.9239 and 1 are the two elements of the row
matrix obtained by postmultiplying the row matrix by the
square matrix in the equation

For y*~= 0.96, for instance, the factors obtained in this
manner are 0.9157 and 0.2651, so that

r*o.g8=o.9157r*o. W+o.2651r*o.~

Lsgrange’s general interpolation formula can be used for
higher-order interpolation (m>2), but the effort entailed
in calculating the interpolating factors is not generally
justiiied by the increase in accuracy obtainable.

Interpolating factors for a and I’* can dso be obtained by
representing these functions by Fourier series in z%. For the
lift distribution the trigonometric interpolation formula

can be used, where n is odd and is equal to 15 for the calcu-
lations in this report, and where, as in this report, the values
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–-&. For the angle-of-of Oi are at equal increments 8i—

attack distribution this formula is not applicable, because
the angle-of-attack distribution cannot be represented
accurately by a finite sine series and because the angle-of-
attwk valuea are presumed to be given at nonequtd incre-
ments in 0,. (If they were given at eight equal iu&rements
no interpolation -would be required.) Although in principle
a matrkinversion method could be based on an expansion
of the angle-f-attack distribution in a cosine series, the
matrices to be inverted are generally ill-behaved so that
the remdts are likcily to be of doubtful accuracy.

DIRECTCALCULATIONOFINFLUENCEFUNOTIONS
Relation of Green’s funotions to the lift distributions due

to flap and aileron deflection.-Although the aerodynamic-
influenc~oefficient matrices discussed in the preceding sec-
tion have the property that when postmultiplied by the angle-
of-attack matrix {a} and multiplied by the lift-curve slope
they yield the liftdistribution matrix {I’*}, their individual
elements have no direct physical significance. On the other
hand, a structi influence coef6cient has the significance
that it reprwmts the deformation at one point caused by a
unit concentrated force at another point. A corresponding
type of aerodynamic influence coeilicient would represent the
lift at one point Y* due to a “unit concentrated angle of
attack” at another point YO*. This angle of attack is
actually an angle-of-attack distribution represented by a
Dirac delta (impulse) function of the distance along the span,
that is, a function which, in the limiting case as Av.* ap-
proaches zero, is zero everywhere except in the interwd

1.yO*~y* ~yO*+AyO* where the ordinate is equal ta —
AyO*’

the area under this function would alwap be 1, which justi-
fies the use of the term “unit” in connection with this
distribution. The desired influence co@cients would then
be.the values (at various values of y*) of the lift distributions
due to these angle+f-attack distributions for various values
of ye*.

The desired lift distributions, which constitute Green’s
function for Weissinger’s integral equation, can be obtained
as follows. Let r*(y*,y.*) be the lift distribution for a unit
effective deflection of a flap which is located between v*= yo*
and y“=l. Then the lift distribution for an angleof-attack
distribution for which the angle of attack is zero everywhere

1except in the interred YO*S y* ~yo*+Ayo*, where it is —
AyO@

is giVOll by
r*(y*,y.*)-r*@*, YO*+AY.*)

AyO*

The lift distribution correspondhg to the unit concentrated
angle-of-attack distribution, therefore, is the limit of this

M7*(y*, Y.*)mprcssion as Ayok approaches zero, which is —
?YO”

by definition. For any given angle+f-attack distribution
the lift distribution can be determined by linear superposition

of lift distributions of the Green’s function type as follows:

sF&)=– ‘a (yoq ar*$*y09dy.”
-1 0

(2)

The desired Green’s function can thus be obtained by
calculating r“(y”, ye”) and taking its partial derivative with
re3pect to yO*. A more convenient approach, however, is to
consider symmetric and autisymmetic loadings separately.
By a repetition of the preceding argument the following
resuh%are then obtained:

J
ap.il (?/?!/0~ dvoe?N=(’?yj=– :%(yO*)~ *

0
(4)

where, as elsewhere in this report, r*f is the lift distribulion
(as a function of y*) for an inboard flap extending ovor the
htirv~ —VO*SY* ~YO*, and r*=iZis the lift distribution for
outboard ailerons extending over the intervals YO*S IY*IS 1.
The argument yO*in a(yO*) can be regarded simply as a vari-
able of integration corrcspondng to y*.

The desired Green’s function can thus be obtained from
the flap and aileron distributiona given herein by differentia-
tion with respect to ye*. The results presented in parts (c)
and (d) of figures 1 to 20 cm, for instance, be cross-plotted

as functions of yo*
“(

yo*=$ for symmetrical loadings, and

)
‘ bafzfor antisymmetrical loadings for given valuesyo* =l.-T

of y* and the differentiation then performed graphically or
numerically. These procedures, however, are tedious and
relatively inaccurate. Two procedures which avoid diffmm-
tiation of the lift distributions are therefore presented in the
following sections; one consists in calculating the dcairecl
Green’s functions directly, and the other consists in ‘using
derivatives of the angle-of-attack distribution, so that tho
flap and aileron distributions themselvesare then therequimcl
Green’s functions.

Wect calcdation of (ireen’s funotions.-Inasmuch aa the
desired Green’s functions are lift distributions corresponding
to angl~of-attack distributions deiined by delta functions,
they can be calculated directly provided the singularities in
the angle-f-attack and lift distributions are taken into
account. Appendix B of this report describes the method
by which the singularitiw in the flap-type and aileron-typo
angle-f-attack and lift distributions were taken into account,
This method is extended to the case of impulse-type angle-of-
attack distributions in appendix C. The resulting lift dis-
tributions r*,’ and r*.’ are identical with the Green’s

cA.LCULAITONOFINFLUENOZCOEFFICIENTSFROMQEEEN’SFUNUITON

The lift distributions IX,’ and I’*.’ contain logarithmic
singularities at v.*= y* which must be split off before the
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integrals in equations (3) and (4) can be evaluated numeri-
cally. Thus, if properly weighted influence codlkienta are
to be calculated horn these influence functions, a procedure
similar to the following must be used. For the symmetric
case and a given value of v*,

J
P,(y*) = l[a,(yo*) –a,(y*)]r*:(y*, yo*)dyo*+

o

The tit
iutegrand
evaluated

where I’*,,

J

1
cY#(y*) r*8’(y*j 2fo*)@o* (5)

o

integral does not contain any singulmi~; the
is zero at yO*=y*. The second integral can be
explicitly snd is

c@*)r*Jlti*)

(y*) is the lift distribution for a=l over the entire
span, so that the right side of equation (5) cm be evaluated
numerically without di.flicultyby using any set of integrating
factom appropriate to the stations of interest, such m those
of Simpson’s rule if the points are equally spaced and the
number of intervals between y*=O and y*= 1 is even.

If these integrating factors are written in the form of a
diagonal matrix and designated by [fl, equation (5) can be
written ns

r*,@*) = [r*: @*,yO*)j 14 {G(y.”) –a.@*) ] +

aJ(Y*)r*,l(y*) (6)

Now, if the row matrix [l~j is defined as

[lV*]=[OOOOOIOO . . . 0]

with the element 1 at the position corresponding to y* and
zeros elsewhere, if the matrix [1~] is defined as a square
matrix all the rows of which are equal to [lti], snd if [11
mpresenta the unit matrix, then

r*,(y*) =[r*/(y*, YO*)J[4[[11– [lP*]] { a,@O*) } +

r*81@*)[lp.J{~. @o*)}

=lr*81@*)ll,*l+ [r*:(y*, yO*)ll~[[ll–[lfllll {a,(YO*)}
or

r*,(y*) -C&=[~j,.{a,@o*) ] (7)

whore the matri~ [Q,jti defined by

1“’”’+r*’%y07J’~’’11-’1fil’l‘8)lQ’.J-CL=

is the row matrix corresponding to y* of the desired influence-
P,,(@)

coefficient matrix [QJ. The values of —C.a can be ob-

tained directly horn the curves labeled “Cons@t” of parts

(a) or the curves for ~=1.O of parts (c) of figures 1 to 20,

‘-is described in appendix C.and the calculation of L=

This calculation must be repeated for all other values of y*
to obtain Q., so that, fimdly

where [~,] is a diagonal matrix in which the elemem%are the
sums of the elemerh in the rows of the matrix

raw’
Similarly, for an rmtisymmetricdistribution the singulwity

can be split off in several ways, one of them being the follow-
ing. For a given value of y* equation (4) can be written aa

where r*., (y*) is the lift distillation for a unit eflective dis-
placement of a full-spsn aileron. h matrix notation this
relation may be written as

P=(@) =cTd[Q&{%Jyo7 } (lo)
where

r*=, @*)
The yalues of or cm be obtained from the curves for

d
~=1.O of p~ts (d) of figures 1 to 20. This procedure must

again be repeated for each value of y* to obtain all the rows
of [Q=],with the result that

‘QJ=-FH+[%’7’=J’12)
where the diagonal matrix ~=1 consists of the sums of the
elements of the rows of the matrix

[p’rI’”
In order to indicate the extent of the effort involved in

calculating these in.fhmncwoefiicient matrices, a step-by-
step summmy of these calculations is given for [Q,]; with the
obvious modifications this procedure also applied to [Q=].
In the fi.mtsix steps Green’s functions are calculated in ac-
cordance with the procedure indicated in appendix C; in
the remaining steps [Q,] is calculated in accordance with the
previous d.iscmion in this section.

(1) For the values of Oo=cos-’ YO*of interest, the values
of sin tio (for n=l, 3, 5, . . . 15) are obtained from trig-
onometric tables and assembled in .a.matrix {shwtle]. ~--

(2)..ThiEmatrixis premultiplied by the matrix ~cos n~]’l-’.
(See table VI.)

41367M744
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(3) The resulting matrix is prermdtiplied by the matrix
[F=]containing the elements Z’(II*,y*) defied in appendix A.
The evaluation of this [F4 matrix is probably the most time-
consuming part of the calculation because it does not lend
itself very readily to high-speed automatic computation.
For any one of the nineteen plan forms considered in this
report, the matrices 2[Fd and 2[F,] are available upon
request from the National Advisory Committee for Aero-
nautic

(4) The resulting matrix is premnltiplied by the matrix
[Q,] given in the present report for the plan form of concern,
and the matrix obtained in this manner is multiplied by the
constant 1/7.

(5) The values of I’*JD are calculated from equation (C3)

for the given values of Ooand for 8=%, n=l, 2, . . . 8;

they are then divided by CL=and assembled in a matrix

[1
r*,’~
— the columns of which pertain to given value-sof o..cLm
(6) The matiices obtained iD steps (4) and (6) are added

.

“[ 1
r*.’—.

b ‘btam ‘he ‘ahm c.=
P*l@)

‘7)‘duw ‘f c&= are obtained by reading the values

cclof .— at y* defined by y*=cos ~~ n=l, 2, . . . 8, tim
cCL=

figures 2 to 20 for a constant value of a and multiplying

them by $; these values are assembled in a diagon~ matrix

r*$*)l
(8) fihe matrix obtained in step (6) is postzmdtiplied by

the diagomd matrix of integrating factors [~.
(9) The diagonal matrix [~.1 is assembled from elements

calculated by adding the elements in a given row of the
matrix obtained in step (8).

(10) The matrices obtained in steps (7) and (8) are added
to each other and that obtained in step (9) is subtracted
from the sum. The resulting matrix is the desired matrix
[Q,],as defied in equation (9).

The entire calculation thus involves the calculation of 8P
sin nOO

values of — and of I’*JD (~ being the number of sta-
‘T

tions yO*),four matiix multiplications, and three matrix addi-
tions, as well = the calculation of the 64 elements of the
matrix [1’=],if this matrix is not available.

INFLUENCEFUNCI’IONSANDCOEFFICIENTSFORTEESP~E
DERIVATIVEOFTHEANQLE-OF-AmACKDISTRIBUTION

Equation (3) can be integrated by parts to yield

1ha, (y.~
~,w)=a. (1)~y&, l)—JO -O. – ~j@,YO? dyO* (13)

where I’*r(y*,l) is the lift distribution for a unit eilective
deflection of a full-pan flap. Similarly, integrating equation
(4) by parts yields

J
1a~@.? ~ai~~,y.q dy.*

F=(@)= , ~ (14)
0

Here again the argument y.” in a(yo”) is merely a variablo
of integration, corresponding to y*. In these equations tho
lift distributions I’*~ and I’*.~1themselves serve as tho influ-
ence, or Green’s, functions. Neither these influonco func-

ha(y,~
tions nor, in most cases of interest, the functions —a~o*
have singularities in the range of integration, so that the
numerical evaluation of the integrals of equations (13) and
(14), and hence, the calculation of weighted influence coeffi-
cients, can be effected very readily as follows.

With a set of integrating factors 111for the stations of
1 haawo? ~Vo*,

interest and the identity a,(l) = a,(0) +~o ~

equation (13) can be written as

{lH,(&) } =aJO) {~,~,1) } +[[P,&,l)]–

‘p’@)””’]]’q{w}(lb)

where [l’*f(y*, 1)] is a matrix all the columns of which am
equal to the column matrix { I’*f(y*, 1) }, and [~ is the diag-
onal matrix consisting of the integrating factors. Equation
(15) can be rewritten in terms of a new influence-coeficimt
matrix [Q’,] defied by

‘w[p&?l-[p’~:*)ll”l
as

{F,(Y?}=40) {Ffw,u }+CL=[Q’,l
{w}

Similarly, with a new influence-coefficient matrh
deiined by

‘“a]”Fw9”

equation (14) can be written as

{~a(?/9} “I.[Q’al

{-}

(16)

(17)

[Q’al

(18)

(19)

The matrices [Q’,] and [Q’J are based on the assumption
that ad~o*).

ml.”
ISnonsingular and continuous. Howcvw, this

assumption is violated when a, is discontinuous. Discon-
tinuities in a result tiom control-surface deflection or from
deflection of parts of the wing relative to the mat of the wing
and can be treated in the manner indicated in appendix B or,
more simply, by superposition of the lift distributions given
in figures 1 to 20. b the angle-of-attack distributions for
-which influence coefficients are particularly useful, nanmly
those due to structural deformations, discontinuities cannot
occur.

Discontinnities in W can arise if simple beam theory
o

is used for wings with discontinuous stihxs distributions.
Actually this theory is inapplicable for such wings, and the
spamvise slope of the twist is never discontinuous. If,
however, simple-beam theory is to be used an~ay for tho
sake of convenience and because the errors involved are
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considered to be rwc.eptable,then the matrices [Q’,] and [Q’.]
can still be used provided one of the stations is located at the
point of the discontinuity in the stiffness distribution and
provided suitabl~ integrating factors axe used.

The objection may be raised against the irdluence-coeffi-
cient matricea [Q’,] and [Q’d that they do not actually
express the lift distribution in terms of the angle-of-attack
distribution but rather require its derivative. Inasmuch as
the angle-of-attack distribution can always be reduced to a
continuous one by splitting off the discontinuous part and
treating it as described elsewherein this report, the derivative
of the angle-of-attack distribution can be obtained numeri-
cally by using numerical diilerentiating factors obtained horn
any text or numeriml analysis. These ditlwentiating factors
can be assembled into a diilerentiating matrix which when
postmultiplied by the matrix of the angle-f-attack values
yields a matrix of values of the spanwise derivative of the
rmgle+f-attack distribution. The matrices [Q’,] and [~a]
can then be postmultiplied by this differentiating matrix in
order to obtain new irdluence-coefficient matrices which
express the lift distribution directly in terms of the angle-of-
attack distribution. However, the main advantage of the
method outlined in this section is that in aeroelastic calcula-
tions, for which aerodynamic influence coefficients are
primarily intended, the angle-of-attack distribution usually
is obtained by integrating its derivative; the use of the
derivative then actually saves a calculation.

In such aeroelastic calculations the lift distributions can
be considered to consist of a lmovm “rigid wing” part (due
to airplane attitude or motion, built-in twist, or control
deflection), which can be calculated initially with due regard
to all discontinuities, and an initially unknown part due to
structural deformation; the matricea [Q’,] and [Q’=] can be
used to advantage in calculating the latter part. The
calculation of a(y*) cm then be obviated altogether, because
if the structural deformations are referred to the plane of
symmetry the structural part of a(y*) is zero for y*=O, so
that the fit term on the right sides of equations (15) and
(17) represents a bow-n rigid-wing lift distribution and can
be included with the others. Thus, in general,

{
{r*} = {r*}rtOti ~n,+c’a[gq b%’’”;’-(y””)”)

}

The separate treatment of these two parts in an aeroelastic
analysis presents no difficulties and can be effected in a
manner similar to that employed in reference 4 for the lift
distribution due to aileron deflection; the use of [Q’] rather
than [Q] requires only the omission of one of the integrating
matricea in the methods of references 2 and 4.

DISCUSS1ON
GENRRALLIMITATIONS OF THE ~ULTS OF THIS REPOET

The Weissinger L-method, its range, and validity have
been discussed in several previous papers (for example, refs.
3 and 5) so that in this section only a few comments are made
about special applications.

Number of oontrol points.—In references 1 and 5, four
control points on the semispanwere found to give satisfactory
accuracy for the lift distributions due to constmt angle of
~ttack, In the present report, interest is centered primarily

on the lift distributions due to twist and control deflection,
and for these cases the additional effort entailed in using
eight rather than four control points was believed to be
warranted by the resulting increase in accuracy.

Fuselage, nacelle, and tip-tank interference.-The Weis-
tiger method and all results presented apply only to wings
without fuselages, nacelles, or tip tanks. At low angles of
attack the lift distribution on the wing is not affected to a
large extent by the presence of the fuselage except when it
covers a large part of the wing; the efEectis largely localized
near the wing root and is most pronounced for the constant
angle+f-attack and flapdeflected cases. For the lift distri-
butions due to twist and aileron deflection the presence of
the fuselage can probably be ignored in most cases.

Nacelles also tend to aifect the lift distribution primarily
in their own vicinity, but these effects may be significant
even for the lift distributions due to twist and aileron deflec-
tion. Tip tanks tend to increase the lift over much of the
outer part of the wing to a large extent, particularly in the
case of lift distributions due to twist and aileron deflection.
Except for wings with very high or very low aspect ratio,
these effects can hardly be underestimated and must be taken
into account in designing the wing.

High angles of attack.-Potential flow breaks down at high
angles of attack and the higher the Mach number the lower
the angle of attack at which linearized potential-flow theories,
such as the one employed in this report, fail to predict the
lift distributions accurately. However, the critical design
loads often occur at high angles of attack. The only sug-
gestion that can be made is that once the rigid-wing lift dis-
tributions at high angles of attack are estimated on the basis
of tests or experience, the changes in these distributions due
to aeroelastic effects can be estimatid by means of the results
calculated in this report. This procedure cannot be justiiied
theoretically because, although the nature of the mutual in-
duction effects between various parts of the wing after the
flow has separated is still substantially the same as before;
the lifts caused by these induction effects are not those pre-
dicted by potential-flow theory. However, the changes due
b aeroelastic action are smiil unless the speed is near the
flutter or divergence speed, so that certain inaccuracies can
usually be tolerated in estimating them.

longitudinal looation of the center of pressure.-The
Wekai.nger theory yields no information regarding the loca-
tion of the chordwise center of pressure; however, the assump-
tion that at each spamvi.se station the section center of
pressure of the angle+f-attack loading on the twodimen-
sional airfoil section is unchanged in three-dimensional flow
has been found by lifting-surface calculations (ref. 6, for
example) to be largely justified for swept and unswept wings
of moderate and high aspect ratio (except near the root and
tip). If this assumption is used, the longitudinal location
of the wing center of pressure may be estimated. For low-
aspect-ratio wings, the chordwise location of the center of
pressure cannot be determined simply, and lifting-surface
methods must be used. For flap and aileron deflections, ac-
curate theoretical methods for calculating the longitudinal
location of the center of pre-saureare not available, but the
approximate methods suggested in reference 7 may be applied
to obtain qualitative information.
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EtTeotiveangle of attack for flap deflection.-h order to
determine the loading due to flap deflection for wings of high
and medium aspect ratio (for example, A.>4), the effective
angle of attack % for the flap (or aileron) deflection may be
approximated satisfactorily by the values obtained from two-
dimensional thin-airfoil theory. Figure 21 gives a plot of
the effective angle of attack at against flap~ord ratio cf/c.
For very low aspect ratios (approaching O and certainly less
than 1/2) va.lueaof ~ close to 1 are indicated by linearized
potential-flow theory, even for’ relatively small values of
c~/c. For aspect ratios from about 1/2 tm4, liftingtiace
methods must be used to obtain potential-flow solutions for
the lift distributions due to partial-chord control deflections.

Cakmlation of the roll due to sideslip CZ6.—The loading

for the case of full-span ailerons b~=l is the same as the

loading on a wing with dihedral in yaw or side&p, because
in this case the loading on the wing is that due to an angle
of attack equal to the product of the side.slip angle and
dihecbxd angle on one wing, and the negative of that angle
of attack on the other wing. The values of CZa given in

table IV for the w of full-span aileron deflection are
therefore equivalent to the paramehr Cb.

Some other stability derivatives can be deduced similarly
from the resultspresented in thisreport.
RELATIVE~ OPTHRVARIOUSTYPESOFARRODYNAMZCINFLUENCE

coEFFIcZENm
k this report four types of aerodpamic inlluenoe co-

efficientshave been discussed:
(1) The irdluencewmflicient mahkea presented in table V

which are obtained by solving Weissinger’s integral equation
by numerical methods

(2) Ikdluenwwoefficient matrices obtained tim those
of table V by multiplying them by interpolating matrices

(3) lh.fluencecoeiiicie.ntsbased on Green’s function
(4) Ih.fluence coefficients based on flap-@pe and aileron-

type lift distributions, which expres the lift distribution in
terms of the spanwise derivative of the angle-of-attack
distribution rather than the distribution itself.

The influence coefficients given in table V apply to the
stations Y*= O.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827,
0.1951, and O. If these stations can be used in the calcula-
tions in which the iniluence coefficients are to be used, the
coefhcienta given in table V are by far the simple& to use
becausa they require no further calculations. If these
stations cannot conven.kmtly be used, either the coefficients
have to be m-calculated horn scratch for the desired stations
by the method described in appendix A, or, if the results
presented herein are to be used, one of the other three types
of in.iluencecoefficients has to be calculated. Of these two
alternatives the tit-mentioned is generally the one requiring
the great8r effort.

The second type of influence coefficients is baaed on the
first and requires a premultiplication of their matrix by a
lift interpolating matrix and the postmultiplication of that
matrix by an angle+f-attack interpolating matrix. Them
interpolating matrices serve to relate the lift and angle of
attack at the stations of interest to those at the stations
speciiied in the preceding paragraph. The interpolating
matricea can be constructed in several ways; parabolic (or
poEs.ibly cubic) interpolation is probably the most satis-
factory choice for the angles of attack, and for the lift
distributions either this type of irkerpolation (with a modi-
fication at the wing tip) or trigonometric interpolation
should be satisfactory. The calculation of the interpolating
factors does not lend itself readily to automatic computation,
but the amount of effort involved is relatively small. The
two matrix multiplications can then be performed readily
on automatic computation machines.

The influence codicients based on Green’s functions are
similar in concept to the commonly used structural influenco
coefficients. The values of the influence functions I’*,’ (y*,~o*)
rmd T.*=’@*,Y.*) are the only aerodynamic influence co-
efficients discussed herein whioh individually have physical
signMumce; the first two types of influence coefficients
have only a collective ph@al signhicance in that they
yield the values of the lift when matrix-multiplied by the
angle-of-attack values. However, this individual significance
of the coefficients based on Green’s functions is lost once
these cceflicients are manipulated in the manner indioated
in equations (9) and (12) to obtain aerodpmrnic influence
cceflicients useful in further computations, and the resulting
influence coefficients have neither more nor leas signitlcance
than the others. The computation of the9e coefficients
require9 a relatively large expenditure of effort-four matrix
multiplications and three matrix additions, as well as tho
computation of. many values of r*~’D or r *C’D (by substi-
tution of given values of 0 and 00 in eq. (C3)) and a few
other minor steps. Despite their conceptmd attractiveness,
them coefficients are therefore practiodly at n disadvantage
compared with the other much more simply computed
irdluenw coefficients.

The influence coefficients baaed on flap-type and ,aileron-
type lift distributions and on the spanwise derivrdivea of the
anglwf-attack distributions are probably the simplest to
compute (with the exception of those presented in table V);
they require only the reading of the values of the lift dis-
tributions horn the fig-ureaof this report at the stations of
interest and for the flap and aileron spans corresponding
to the stations of interest, as weIl as the multiplication of the
matrix of these coefficients by a diagonal matrix. (For a
symmetric distribution, a matrix subtraction is also called
for.) As previously mentioned, the fact that these coeffi-
cients express the lift distribution in terms of the derivative of
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the angle-of-attack distribution need not be a disadvantage
and may actually be an advantage. The decision as to
whether to w the second or the fourth type of influence
coefficients (once the decision has been made that the stations
implied in the first type are unsuitable) then becomes largely
a matter of individual preference, guided by decisions in any
given case as to the relative convenience of calculating
interpolating factors or reding values nom the figures in
this report, and of using angle-of-attack distributions or
their derivatives.

CONCLUDINGBEMARKS

Spanwise lift distributions have been calculated for nine-
teen unswept wings with various aspect ratios and taper
ratios and with a variety of angle-of-attack or twist distribu-
tions, including aileron and flap deflections, by means of

Weissinger’s method with eight control points on the semi-
span. AJso calculated by this method were aerodynamic
iniluence coefficients which pertain to a certain definite set of
stations on the span. Three methods for calculating aero-
dynamic influence functions and coefficients for arbitrary
stations have been outlined and their relative merits dis-
cussed.

The information preaentid herein can be used in the
analysis of untwisted winga or wings with lmown twist
distributions, as well as in aeroelastic calculations involving
hlititiy llIlktlOWIltwist distributions.

LANGLEY AERONAUTICAL bOmTORY,

NATIONAL ADVISORY Co hmmrrED FOR AERONAUTICS,

~Ncm3Y ~IELD, VA., ~a~ b, 19&$.

APPENDIX A

MATRIX FOIIMULA~ON OF THE WEISSINGER METHOD

CALCULATION OF THS LIFTDISTRIBUTIONAND INFLUENCE COEFFICIBN’H4

From two-dimensional thin-airfoil theory it can be shown
that, if all the vorticitg of a plane or parabolically cambered
airfoil section is concentrated at the quarter-chord line, the
downwash angle induced at the three-quarter-chord line is
equal to the geometric mgle of attack at the three-quarter-
chord line. This circumstance leads to the Weissinger
Lmethod in which the lifting vortex is concentmted at the
quarter-chord line and the boundary conditions are aatisiied
at the three-quarter-chord line. The Weissinger equation
(ref. 1) can be written as

where

‘{iF+tan’f%Y+w32-1}w?*,Y9=r_n*

(7”20

{

.rlq* dP+tf@wT+(*32_,+— #1+2 taa A—
cty2 1

2 tan A J[ l+&’~Ar+(*)2 ,,*<o)
@}2 —

1+2 tan’A~@/2

and a is the angle of attack or, more apeci.iically,the stream-
wise slope of the mean-camber surface at the three-qumter-
chord line.

Production of the trigonometric variables O=cos-l @
and O=ccs-l V*into equation (Al) yields

The solution of equation (&Z) is eflected in reference 1 by
the use of trigonometric interpolation and integration
formulas. An alternate solution based on matrix techniques
is presented herein which leads to the ideIJtiud results
somewhat more simply and suggests a fairly simple setup
for routine calculation.

The function I’* is approximated by a finite sine series, as
in reference 1, so that for any value 0.

r*.=~ an&n&. (A3)
n

or
{r*m]=[sin nd~]{a.] . (A4)

In the calculations of this report, the values of n in equation
(A4) have been chosen as n=l, 3, 5, . . .15 for the sym-
metrical loadiqy and n=2, 4, 6, . . . 14 for the antispn-
metricfd loadings; value9 of 0= were chosen at

fi.=~

with m=l, 2, 3, . . . 8 for the symmetrical loadings and
?n=l, 2, 3).. . 7 for the antisymmetrical loadings. The
use of equal increments in o is essential in the method of
reference 1, but any values of 0 between O and ~/2 could
have been chosen in the matrix analysis used in the present
report. This poasibili~ of using arbitiaxy stations in this
matrix version of Weissinger’s method is an important
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advantage in that it allows the direct calculation of influence
cmfficients for arbitrary stations. Such a calculation is com-
plicated, however, by the fact that seine of the matrices
which must be inverted may be ill-behaved when nonequsl
increments are chosen for 0.

The value of ‘“~)— required in equation (A2) can be ob-

tained from equation (A3) as

(A6)

so that the first term of equation (A2) becomes

or, in matrix notation,

{J
1

– w }=;p*]l.l{Gl
=0=

. G o ti CosO—cos 0=

The values of a= can be qmmed in terms of r*. (see eq.
(A4) ) m

{%l=[tin%Z1-’{F.} (A6)
so that

{J
1 “P. (f&

Tr o & Cos@—cos 0. }
=[B~{P}

where .

(A7)

are given in table VII(a) for the symmetrical distribu-
tions and table VII(b) for the antisymmetrical distriiutiom.
As a resdt of the orthogonality of the sine function, the in-
verse of the [sin 7z84 matrix is the same as one-fourth its
transpose except for the- first and last rows. (See, for in-
stance, ref. 8.)

The second term of equation (A2) can be integrated nu-
dr=-mericnlly by approximating either F or F ~ by a cosine

series. Both approximations will yield identical remdts, and
the latter alternative is followed here. Thus let

Now, in matrix notation,

#F

{} -Z
=[COSnfi] { Z&(o)}

so that

{}

F d~60(0)=[[COSn?Y]-’Jo ~

{}
=[F(TY,0)][111 ~

where l[COSn8]-1]0 is the tit row of the inverse of the
matrix [cos m?], that is, the row corresponding to n= O,
and [111consists of the same elements written in the form
of a diagonal matrix.

Inasmuch as the integral of the antisymmetrical component
dF.ofFm~ zero, F% cm be written for symmetrical distri-

butions as

and, for antisymmetrical distributions, as

where
FE(lq*l,y*) =F(q*,v*) (T*>0) (A9)

FJlq*l,y*)=F(T*, y*) (q” SO) (Ale)

I?rom equations (A6) and (A6) ~ can be expressed in

matrix notation as

dF

{} ‘izF =[cos nil] [n][sinnO]-l{lY}

so that equation (A8) can be written for symmetrical distribu-
tions as

+[=1
[111[COSn~m]@l [sin nom]-’ {IX, } =2[Fa] [D,] { r*, }

(All)
where

[n,] =:6 [1,1[COSn&] [nl [sin n~=]-’

Mmilmly, for antisymmetrical distributions

{s1
%0=F,(19,0J ~ do

}
=2 [F,] [D.]{ I’*.} (A12)

where

The matrices [II], [11], and [COSn.tl~[n] are given in table
VII (a) for symmetrical distributions and table VII (b) for
antisymmetrical distributions.
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Equation (Al) (or its equivalent, eq. (A2)) can now be
expressed completely in matrix form. For symmetrical
distributions, the equation is

[[13,]-2[Fa][~,]] { r*.} = {a,}
or

[@,]{ r*,}={ a,} (A13)

and for rmtisymmetrical distributions,

[[Ba]–2[F,][~=]] {r*.} ={%}
or

[ad{r*=}={%} (A14)

It should be noted that the [17j and [~] matrices are
invariant with plan form and that only the [Fl matrices need
be computed separately for each pkm form; all the matricea
are independent of the angle-of-attack conditions. A com-
puting form for the elements of the .3’ matrices is given “in
table VIII; this computing form includes provision for
calcuhtiug the load on swept wings. Sample 2[FJ and
2[F,] matrices are shown in table IX

Equations (A13) and (A14) can be repressed aa

{F}=[q-’{a} (AM)

so that the elements of the matricea [m’1 constitute, in
effect, sets of aerodynamic influence coefficients. The
influenco coefficients presented in table V for the plan forms
trented in this report am defined as

[Q,]=* [a,]-’
a

nnd

[(?41 +- [a.]-’

SOthat

{~*}= c.a[Q*l{@}
and

}
(A16)

{r*a}=C,. [Q.d{~}

The ditilon by CL=and by Ctihas been performed both to
facilitate interpolation of the coefficients for unswept wings
with plan forms other than those considered in this report
and for convenience in aeroelaatic calculations. Inasmuch
as the lift distribution is much less sensitive to Mach number
than is the overd magnitude of the lift, an influence-
codicient matrix [Q,] or [Qd chosen for the average of the
subsonic Mach number r

F
e of interest (that is, for the

effective aspect ratio A 1—M corresponding to that aver-
age Mach m.unber) will serve for the entire range, provided
only that for each Mach number the appropriate valuea of
O.= and Oti are used in equations (A16). (See ref. 9, for
instance, for simple methods of estimating Mach number
effects on CL=and Ck)

CALCULATIONOF THE .U3BODYNABUC PAH .4MJ3TERSASSOCIATED JVITH
THE LIFT DISTRIBUTIONS

The values of the lift, induceddrag, bending-moment, and

rolling-moment coefficients can be obtained convem”ently by

the we of the integrating matrices derived in this section.

An integrating matrix for the lift coefficient associated with

symmetrical loadings can be obtained as follows:

The lift coefficient can be writt~ as

sC.=:)%df
If,asbefore, y*=cos o and r“,=~aa sin ti, with n=l, 3,

n

5>-. . 15, then

0==4 “2s2,~%s~titiedo

=: A%

or
(7L=A lICJ{P,}

where

[ICJ=: [[sinne]-’j,

and [[sin no]-’] 1 is the fbt row of the matrix [sin m?~-l
given in table VII(a); the matrix [lC~ is given in table X.

Similarly, the integration to obtain the bending-momeat
coefficient for symmetrical loadings C- can be performed m
follows:

The bending-moment coefficient can be written as

=+j-o”’’+shl 7U9sino 00s o (id

=+(&+-; %#5%–;7~+
2

#7%1 165 )
—~ a’13+5jy%5

or

Cmr=A [LJ {IY, } “

where the matrix

is given in table X
For antiaymmetrical loadings, the half-wing lift coeiiicbnt

CLl,,is obtained in the following manner:
The equation for the half-wing lift coefEcient is
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and, if I’*==~ as sin ti, with n=2, 4, 6, . . . 14 as before,
n

then

A +
J

c.,l,=~ , +AIlnh3inod49

or

where the matrix

isgiven in table X.
Similarly, the rolling-moment coticient can be obtained

a-sfollows :
The equation for the rolling-moment coeflickmt is

or

CJ=A p&j {r’.}

where the matrix

is given in table X.
The induced-drag coficient C~t can be written as

W-IIere

or

For symmetrical loadings the \lc~ matrix can be used to
integrate the vahm of ~fr*, so that

An integrating matrix to evsluate CD, for antisynunetriml
distributions can be set up similarly. However, in this
report, values of (?~i were calculated only for additional lift
distributions.

APPENDIX B
CALCULATION OF LIFT DISTRIBUTIONS FOR DISCONTMUOUS ANGLR-OF-ATTACK CONDITIONS

The method of solving equation (AI) outhed in ap-
pendix A relies heavily on numerical integratio~ as does
the method of reference 1. Discontinuous angle-of-attack
distributions therefore cannot be analyzed as accurately as
continuous ones can, because disc.cmtinuousangle-of-attack
distributions are known (on the basis of knowledge of the
lift distributions of wings with very low and very high aspect
ratios presented in ref. 3) to give rise to logarithmic aing&r-

ities in the function ~ which occurs in the int&rands ofdq*

both integrals in equation (Al). Nor can a discontinuous
cngle+f-attack distribution be described adequately by a
smalJnumber of points on the semispan; for instance, with
stations located as they are for the calculations described in
this report any inboard flap terminating at a value of y“
greater than 0.3827 but less than 0.5556 would, for a unit
effective angle-of-attack distribution, be charackriz.ed by the
angle-of-attacik distribution 1, 1, 1, 0, 0, 0, 0, 0, regardless of
the exact location of the end of the flap.

These diflicdties can be overcome by using the results
obtained by sclving equation (Al) for the case of wings of
vankMngly small aspect ratio (see ref. 3), in which case the
second integral vanishes. !lhis technique is similar to the
one used by Multhopp (ref. 10) in connection with the
Prandtl lifting-line equation to handle discontinuous angle-
of-attack distributions. The lift distribution I’* is considered
to consist of a “discontinuous” part r*D which is the solution
to equation (Al) if the second term is neglectad and of n
correcting “continuous” part r*U, so that

r*=r*o+r*~ @l)

where I’*D is defied implicitly by

(B2)

and I’*Uis the correction that must be added to I’*Dto obtnin
a function I’* which satisiied equation (Al) for the given
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discontinuous angle-of-attack distribution. The solution of
equation (332) for r*~ corresponding to the more common
discontinuous angle-of-attack distributions is given in
reference 3; specifically, for inboard flaps terminating at
y*=yo*=cos-l /30

[

. 0+00

ND,(0)O.)=$ (7r-2eo)sin O–(COS8–COSeJlog,
::!?$!?l–

~s 0+00

(CosO+cos O.)log,
2❑1Cos8–00(133)

2

and for outboard ailerons with inner ends at y*= yO*= cm-l 0~

[

s. 0+00

l%atl(o,oo)=: (Cos8–COSeJ log*
s~ +-

2

~s 7?+00

(Cos#+cos e.) log,
2

~s ?%OO
(B4)

2

If equations 031) and (132) are substituted into equation
(A2), the result is

1srim*o(O,eJ W

J
~~c(@,%) @

GotM
–~ “F(o,e) ~@

COS8—COSO % (1

=R(ejeJ (B5)

where the function l?(tl,fl.) is defined by

J
R(19,eJ=+ o ~~D(~,eo) @

“F@je) ~@

or, specifically, for flaps

J
B,@,eo)=; o

b~. (@,6~~
‘l’.(&, e) ;0 (136a)

and for ailerons

J
Rc(%%)=: o

~pDa@,e~ ~
“F,(o,q ~. (B6b)

Comparison of equation (B5) with equation (A2) iudicatw
that equation (B5) may be considered to be the Weissiier
equation (eq. (Al) or (A2)) for the lift distribution I’*U on
the given wing (the plan form of which determines the func-
tion F(O,O)) corresponding to an angle-of-attack distribution
l?(O,OO).Imwmuch aa I?(O,OO)is a continuous function, as is

demonstrated presently, equation @5) can be solved in
the manner used for equation (A2). If lt(0,L90)is being eval-

(
uated at the statiom considered in this report 0=$~ 2;?

%’”” )
. ~ ~and if the eight values of 1?are listed in a column

in the order of increasing O, then premultiplication of this
column by the matrix [Q] given in this report and by the
appropriate value of CL=yields the desired function 17*cfor
the given discontinuous angle-of-attack distribution.

h indicated in equations (B6), the function B(O,%)
depends on the plan form, which determims F(o,o), and on
the position of the discontinuity in the angle-f-attack

aF(o,e)
distribution, which det-es r*= and, hence, ~0 “

For flaps and ailerons,

b~= ~

[

~f=; (7–20.) CosO+Sin ?9

~ 0+00

‘)1
Coso+eo

0%---[+k%k%Jo.
2 cos—2

(J37a)
and

[(--
c 73+00 #+oo

aFD& 4
—=; 2 sin O.+sin & log.

2
a8

)1
_–lOT&.??lCO=O–OO

2

(B7b)

so that the functions ~ may be seen to have logmithmic

singularities. The evaluation of 12(0,0.) from equations
(136)by numerical methods is therefore not a trivial problem.
A logarithmic singularity is integrable, however, and F(o,o)
is always continuous in 8 and o so that I?(0,80)must always
be continuous. The integration cm thus be eflected readily
by expanding F(8,0) in a ilnite Fourier series as follows:

Let

l’=(o,e) =~P%(e) Cosno (n=l, 3, 5, . . . 15)

F,(il,13)=&’,~(0) cos n@ (n=O, 2, 4, . . . 16)
.}

(B8)
n

Substitution of these expressionsfor F and those of equations

037) for ~ into equatiom (336)yields

IL(o,eo)=+$ z~a$~)[(~–ao)~m+ J.+K*I
n

1

(S9)
R=(0,00)=+ZP,J9) (J.–Z)

n
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m%ere

Jo

(B1O)

These integrals can all be evaluated explicitly and are

I’=o

I,=;

Ix=O

JO=T ti 00

Ji=~ sin 2?.

[
J.=; sy’+~)e”–~ylq

and

Ko=—IT SiIlOo

Kl=: sin 26.

(n=2, 3,

(n=2, 3,

}-

(B1l)

.)

}

(B12)

.)

[
K.=(–1)”+1 ; ‘h :++11) ‘“–a :_–-l)e”] (n=2, 3, . . .)J

(B13)

WXh these values for 1., Js, and Km, equations @9) can be

simplified to

3,(0, OJ=;~ p%(8 OH.(%) (n=l, 3,5, . . . 15)

1 (B14)

Ri(t e~=; ~P,#, oJHs(or) (n=O, 2,4, . . . 16)J

where

HO=O

—200+sin 200
H,=r z

}

(B15)

H
sin (n+l)OO_sin (n—1) 00

*= (n=2, 3, . . .)
n+l n—l

The function R(L9,O.) can also be expressed in matrix form by
writing equations (B8) in matrix form as

[F(8, e)]=[P.(e, eo)j [Cosno]’
so that

[P.(O, OO)j=[F(O, 0)] [[cos nO]’]-’ @16)

where [COS@]’ is the trampose of the matrix [COSnO]. The
following expressions are then obtained by combining
equation (B16) with the matrix equivalent of equntiom
(B14):

R,(6, f3J=&\Fa(?Y,01 [[00s nW1-’ {~aw}

1

(3317)

&(e, tzJ=~ W,(8, 0)1 [[COS W_I-’{H.(&) }

By using the prooedure outlined in this appendix for

calculating lift distributions for discontinuous angle-of-

attaclr distributions the neceasi~ of integrating nummically

an initidy udmown singuhr fuidion, aB required in equation
(Al) or (A2), can thus be avoided; instead, the integration
of the singular part of the function is performed omdytionlly
(by solving eq. @2), as in ref. 3) and only the continuous
part of the function is treated numerically (by solving eq.
(B5) ). As part of this procedure, a singular function has
to be integrated numerically in order to evaluate I?(o, 0,);
however, this function is known initially because it is
the product of a lmown singular but integrable function

(
ar*~and a lmown continuous function ~ and F(o, 0), respec-

.

)tivdy BO that, by expanding the continuous function in a

Fourier series, the numerical integration can be effected
without d.ifliculty.

The vaks of [ [cos nfi]’l-l{Hn(OO)} for flap-span ratios
of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9 and for nileron-
span ratios of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
are g“ven in table XL
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APPENDIX C

CALCULATION OF THE REQUIRED GREEN’S FUNCTIONS

As pointed out in the body of this report (see em. (3)
and (4)) the desired (hen’s functions are

tMY/(&,yo~ _zra*@,yo*)

?%* ?%”

The functions I’*f and I’*=,, can be obtained

. .

inthe manner

indicatid in appendix B. lIowever, in order to calculate
the desired derivatives of these functions, a numerical
differentiation would have to be performed with respect to
YO*. Such a numerical diilerentiation is inherently in-
accumt e inasmuch aa r*f and r*.tl have singularities. The
desired Green’s functions are therefore beat calculated
without using the calculated values of I’*j and r*.tZ and by
using, instead, a modiihation of the method of appendix B.

Let

(cl)

Then I’*: and 1’*=’ are lift distributions corresponding to
impulse-type angle-of-attack distributions of the following
forms:

-1
—

-YO*

1
1

YO*

Symmetrical loodlcq

a

-1 0 I
-Yo“ YO*

Mtkymmetricol Ioodirq

Hencq they must satisfy equation (Al) or its equivalent,
equation (A2), for these angle-of-attack distributions.

Again, as in appendix B, the lift distributions can be con-
sidered to consist of a discontinuous part, which satisiies
equation (Al) for the given angle-of-attack distribution if
the second integral on the right side is disregarded, and of a
correction part; that is,

r*,’ =r*,’~+ r*.’c
1

r*a’=r*=’~+r*=’O
J

(C2)

The functions I’*,’~ and 1’*=’~ must thus satisfy equation

(B2) for the given angle-of-attack distributions. By v5rtue

of the linearity of equation (B2) and by virtue of the deil-

nitions of the functions in terms of 1’*7 and r*.fr, respec-
tively, I’*JD and I’*:D can be obtained by WI%mntiating
with respect to YO* the solutions of equation (B2) given in

equations (B3) and. @4) for the flap and aileron angle-ef-
attack conditions. ‘HUM

F,’==:log’ * ‘+* ‘0
r Ism@–sin 0011

L (C3)

Similarly, the functions r*,’. and r*a’c must satisfy equa-
tion (S5), where now l?(o,oO)is defined for the symmetrical
and antisymmetrical loadings, respectively, by

J
R(e,eo)=+ ,

WS’D(8,00) ~
r F=(?Y,e) ~.

and

J

alF=’D(@,eo)~~

}

(C4)

Ra(o,eo)=;m ~r F,(8,e) ~.

The evaluation of these integrals can be effected in the
manner employed for equations (B6) so that

R (o,h)=+~ 1’%(0)H’. (L%) (n=l, 3, 5, . . . 15)
1 (C5)

Rl (0,%)=*~Rn (m’. (0 (n=O, 2,4, . . . 16)
J

where

H’. (80)=2 sinndo (C6)

for all valuea of n, and where pan and ~,mare the same values
as those used in appendix B. Thusj in matrix form, for
given valuea of o and O.,

R, (d,O.)=: [F=(~, O)][[COSno]’]-’{sin7L80}
1 (C7)

R=(O,O.)=: [F, (~, O)][[cosn~]’]-’{sinti.}
J

The values of [[COSnfl]’l-l {sin ntl.} are given in table VI for
valuea of yo* ranging from Oto 0.9 for symmetrical distribu-
tions and 0.1 to 0.9 for antisymrnetrical distributions.

The desired Green’s functiom can thus be calculated in the
following way. For a given value of o., the valuea of .li?,(o,00)
and R=(o,o.) are calculated for eight equal increments of o
between O and 7r/2 ilom equation (C7). These values are
then written ss columns and preruultiplied by the matrix of
influence coefficients tabulated in this report for the given
plan form in order to obtain

F;c (8,O.)~d P/a (0,O.)
O.= C,d

for the given value of O.. To these values are added the
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vfdue9 of

F;D (e, O.) ~d P.’D (e, e.)

C.a c,&

obtained by dividing the values of I’*,’D-and I’ *~/~calculated
from equation (C3) by C!!=and CZ~,respectively, for this
value of e, and the given values of 8. This procedure yields

Is: (e,O.)~d P=’ (0,130)
c.= C,d

(The diviion by CL=and by C,. is performed to facilitate the
further calculations required to obtain the desired influence
coefficients, as explained in the body of this report.) This
calculation is repeated for all the values of O.for -which the
Green’s functions are desired.
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(c) Lift d.ishibutionfor inboard flap.
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(o) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Fmmm 2.—Conoluded.
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Oimerdcmks spmvise ordinote, y*

(o) Lift distribution for inboard flap.

(d) Lift distribution for outbomd aileron.
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(u) Lift distributionfor inboard ilap. ‘

(d) Lift distribution for outboard ailerom

l?mmm 8.—Conoluded,
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(o) Lift distribution for inboard flap.

(d) Lift distribution for outbomd aileron.

Figuro 10.—Conoluded.
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Mnembnless s~m”se ordinote, Y*

(c) Lift distribution for inboard flap.

(d) Lift distribution for outboard Moron.

Fmrrm 12.—Ckmc1uded.
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(o) Lift disbibution for inboard fiap.
(d) Lift distribution for outboard aileron.

Fmum 13.—Conoluded.
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(o) Lift distribution for inboard fip.
(d) Lift distribution for outboard aileron.

Fmmm 16.—Conoluded.
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(o) Lift distribution for Mxmrd flap.

(d) Lift distribution for outboard aileron.
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l?mcrm 21.—Variation of flap eEectivenaw with fia~ohord ratio.


